Abstract. We generalize the Galileon duality to any single scalar field Lagrangian coupled locally to any matter field. Under the duality, a generalized Galileon maps into another generalized Galileon via a one parameter group of transformations, with only a simple modification of the Lagrangian functions. We find a special class of generalized Galileons for which the duality is a symmetry of the action. We further extend the duality to the case of vector fields and give the dual formulations of the Maxwell and Proca theories. We include arbitrary local couplings to matter fields and show that the duality always maps a local interacting theory into a local interacting theory. We also discuss the coupling to gravity and uncover a new class of Lorentz invariant massive theories which map into themselves under the duality. Finally, we show that the duality can be used to map solutions of a theory with superluminal (luminal) group velocity into one with luminal (subluminal) group velocity. We find that the duality nevertheless preserves the classical causal structure and emphasize the need to include the quantum corrections to ascertain relativistic causality.
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Introduction
Dualities are equivalences between naively distinct theories. A duality may be classical -it relates two distinct classical theories at the level of the classical action usually by means of a field redefinition, or it may be quantum -the equivalence is only at the level of the entire path integral or as a map between correlation functions. In either case it is expected that the (classical) S-matrix remains invariant under the transformation.
In the special case that the duality leaves the action invariant, then it is a symmetry.
In the following we shall consider a novel classical duality which we argue is extendible to the quantum level.
The 'Generalized Galileons' describe the most general class of single scalar field theories in Minkowski spacetime [1] . They are generalizations of the 'Galileon' Lagrangian [2] which is the most general Poincaré invariant single scalar field theory Lagrangian with second order equations of motion for a field which admits the nonlinearly realized 'Galilean' symmetry π → π +v µ x µ . It was recently observed in [3, 4] that the Galileon Lagrangians admit a nontrivial classical duality which maps one particular class of Galileon models into a second distinct class of Galileon models. We refer to this as a 'Galileon duality'. This duality is closely related to similar results [5] connecting conformal Galileons and DBI-Galileons [6] as has been emphasized in [7] . The duality arises as a twist in the choice of representations of the coset for the Galileon algebra Gal(3 + 1, 1)/ISO(3, 1) or conformal algebra SO(4, 2)/ISO(3, 1) [7] . In the particular case of the Galileon duality of [3, 4] there is a natural realization of this duality in the context of bi-gravity models [8] for which the Galileons arise in a specific decoupling limit [9] . In the bi-gravity picture, the duality is linearly realized, and corresponds to a simple diffeomorphism. Nevertheless in the decoupling limit description, the Galileon appears as an infinite order in derivatives field redefinition which disguises its locality. We shall demonstrate in what follows that in the simpler case of Massive Gravity [10] the duality is also equivalent to an invertible diffeomorphism, i.e. change of gauge.
In this article we will extend the results of [3, 4] to the entire class of Generalized Galileons, i.e. all scalar field theories, coupled to matter in a completely general and local way. We find that the Galileon duality is far more extensive than previously recognized. The duality presented in [4] is equivalent to a Legendre transform of the field variables [3] . Here we find it more useful to view the duality transformation as a (fielddependent) diffeomorphism as it arose in [9] . With this in mind, any standard matter field (be it a scalar, vector, tensor, spinor or higher-spin) should transform in the normal way under this diffeomorphism. In particular it maps a Generalized Galileon arbitrarily coupled to matter in a local way, into a distinct dual theory in which matter remains locally coupled to the dual Galileon field. As an extreme example, the entire standard model of particle physics gets mapped to a classically equivalent dual local field theory when the duality transformation is performed on one of the components of the Higgs field.
Although the duality we describe works for any scalar field theory, we are particularly interested in the case of models which exhibit the Vainshtein mechanism [11] . These models are known to have technical issues such as a low strong coupling scale, and classically superluminal group and phase velocities. In particular the Galileon models themselves are examples of theories exhibiting the Vainshtein mechanism. The duality acts nontrivially on these properties, in particular it can be used to map the strong coupling Vainshtein region into a weakly coupled one, or it can be used to map a solution with classical superluminal group velocities into one with subluminal group velocities [3, 4] . This means the duality can be used as a useful tool to probe the nonperturbative aspects of these theories. It also confirms that classical group velocities are not the real measure of the causality of a theory.
While the Galileons can be defined as scalar field theories with nonlinearly realized symmetries, they are also fields inherited from infrared theories of modified gravity (DGP [12] , cascading gravity [13] , massive gravity [14] , bi-gravity [8] , New Massive Gravity [15, 16] , etc.) where the Galileon usually represents the helicity-zero mode of the graviton and is therefore not a scalar under diffeomorphisms 1 . Instead we shall see in this manuscript that it is the derivative of that field which transforms as a scalar under the duality map. This particular transformation law is at the core of the duality and has many powerful consequences.
In what follows we consider a Generalized Galileon coupled to any matter field [1] . Under the duality a local coupling to matter maps into a local coupling to matter. Furthermore since the duality map is associated with a diffeomorphism, it provides a strong indication that the map is also valid at the quantum level (unless diffeomorphism anomalies appear which are known only arise in 4k + 2 dimensions [17] ). We shall find special cases where the duality is itself a continuous global symmetry of the action, which strengthens the case for the validity of the duality at the quantum level for these examples. In particular the pure quintic Galileon in four dimensions is duality invariant.
Not only can the Generalized Galileon couple to any matter field but we also show how to couple the theory to gravity. Massive gravity [10] naturally appears as an example of a duality-invariant gravitational theory where the duality is simply associated with a new choice of gauge and therefore does not modify the theory. In addition to massive gravity as presented in [10] we find a new extension of massive gravity which is also manifestly invariant under the duality map. This new extension of massive gravity is distinct from the master theory 2 presented in [18] which involves an additional scalar 1 Only in the decoupling limit when identifying the global Lorentz symmetry with the global subgroup of the local diffeomorphism symmetry does that field behave as a scalar under the combined transformation.
2 Although the master theory presented in [18] is not explored in this manuscript it is extremely likely that this gravitational theory is also invariant under the duality transformation provided that the additional field maps in the appropriate way. degree of freedom. In the extension presented in this manuscript the mass parameters and the Planck scale may depend on the Stückelberg fields themselves. We show that this new theory enjoys the same primary constraint which removes half the BoulwareDeser ghost [19] as derived in [20] . We also show that the secondary constraint is present as in [21] which then implies that this extended theory of massive gravity only propagates five degrees of freedom. This theory remains globally Lorentz invariant but breaks translation invariance in the vacuum, and is the reason why it does not take the standard Fierz-Pauli form.
We also propose a generalization of the duality involving a global Lorentz vector A µ . Under this duality map, the Lorentz vector A µ transforms as a diffeomorphism scalar. This allows us to find a dual formulation of Maxwell's theory which does not uniquely involve the Maxwell field strength but yet enjoys a non-linearly realized U (1) gauge symmetry and thus only propagates two degrees of freedom in four dimensions. This could open the door for finding new interactions in gauge theories.
Finally, as mentioned previously, one of the particularities of the Galileon duality is that it can map a superluminal group velocity into a (sub)luminal one. Following local couplings to matter we show that the classical causal structure remains the same in both representations. For instance in one representation the Galileon (or Generalized Galileon) may propagate superluminally and the matter field luminally while in the dual version, the Galileon propagates at the speed of light and the matter field subluminally. While these classical group velocities are not the same, the classical causal structure is the same in both representations, and there is no paradox. We emphasize the fact that the classical velocity does not need to remain invariant under the duality map. Rather it is the front velocity which determines the causal structure of the theory which should remain invariant. Since the front velocity should be computed in the quantum regime, one cannot rely on a purely classical calculation to determine the causal structure. Furthermore the classical superluminal group velocities are not indicative of acausality. A more detailed discussion on how quantum effects could render the front velocity luminal, thus ensuring causality, will be given in [22] .
The rest of this manuscript is organized as follows. We start by reviewing the duality map in section 2, emphasizing its role as a diffeomorphism and promoting it to a vector duality. We then apply this duality map to a Generalized Galileon theory in section 3 and uncover the existence of a class of theories which remain invariant under this transformation. We then discuss how the duality acts on a general vector theory in section 4 and introduce the simple examples of the dual to Maxwell and to a Proca theory. The general coupling to any matter field is then presented in section 5. We explain how a local coupling maps into a local one in the dual representation in a way which preserves the information needed on the initial Cauchy surface. We also present an example of a renormalizable theory which admits a local, second representation with irrelevant operators. The coupling to gravity is investigated in section 6. We argue that covariant Galileons are not invariant under this map but Massive Gravity is. We also introduce a new extension of Massive Gravity which is also duality-invariant. Finally we address the crucial issue of (super)luminality in this class of theories in section 7. We show how the causal structure is maintained at the classical level despite mapping superluminal group velocities into luminal ones. More importantly however we emphasize the role of the front velocity when determining the causal structure which ought to be computed at the quantum level. Finally we summarize our results in section 8. In Appendix A we also show how to promote the duality to a larger class of non-Lorentz invariant ones.
The Duality Map
The Duality as a coordinate transformation
The Galileon duality transformations are a one parameter family of invertible field redefinitions. Given a field π(x) we can define the dual fieldπ(x) via the implicit relations 3 [4]
Here Λ is a fixed energy scale and s is the parameter of the group transformation and σ = d/2 + 1 where d is the number of spacetime dimensions. We can always choose Λ such that s = 1, however it is helpful for now to keep it distinct to make clear that there is a one parameter family of such transformations. This transformation has a inverse, D
These implicit relations can equivalently be written as
3)
The previous relations can be derived by recognizing that the above duality map can be understood as a Legendre transform [3] . These relations will be useful in determining the duality map at the level of the Lagrangians.
Stückelberg origin
In the previous relations the derivative of π transforms as a scalar 4 under the duality transformation
This result may at first seem surprising, however it is a natural consequence of the origin of the duality map in massive gravity and bi-gravity [8] [9] [10] 14] . There, the 'Galileon' π(x) arises as the helicity-zero mode of a massive graviton. In the diffeomorphism invariant representation of massive gravity, there are four Stückelberg fields φ a which transform as scalars under diffeomorphisms and have an additional global Lorentz symmetry carried by the index a. It is always consistent to set the helicity-one mode to zero, and these Stückelberg scalar fields can be expressed as φ a = x a + 1 Λ σ ∂ a π(x). In the decoupling limit (when gravity is switched off) one can identify the global Lorentz symmetry with the global Lorentz subgroup of the local diffeomorphism symmetry. Under the combined group π then transforms as a scalar. However beyond the decoupling limit the global Lorentz symmetry cannot be identified with the local diffeomorphisms, π is not a scalar. Rather it is the derivative of π (which is a vector under global Lorentz transformations) that is a scalar under the duality diffeomorphism. The transformation (2.5) is therefore the appropriate one for mode π. We prove this in detail in section 6.1.
Duality Group
A useful property of the duality map is that it forms a continuous group. To see this, let us perform a second duality transformation with parameter s starting fromπ(x). Denoting the new dual field asπ(x) we then have by definition
where we used the relations (2.1) and (2.3) . This leads to a combined transformation
In other words the duality map forms an abelian group with transformation law s = s + s . The inverse group transformation corresponds to s = −s. Again we note that this group transformation leaves invariant the derivatives of the Galileon fields
In the Galileon theories and in massive gravity/bi-gravity, particular importance is placed in the Galileon invariant combination
and similarlyΠ µ ν (x) =∂ µ∂ νπ (x)/Λ σ and with the hat variables. In terms of these quantities we then have (suppressing indices and using matrix notation)
Here it is understood that Π is evaluated at x,Π atx andΠ atx. These relations are equivalently written asΠ
14)
In this latter form the abelian group property is manifest. This means that a finite duality transformation may be built out of infinitesimal ones for which the infinitesimal variation is
We see that the infinitesimal transformation is a local field redefinition. This result is one way to understand why the duality preserves the notion of locality. The naively non-local finite s duality map can be viewed as an infinite number of local infinitesimal transformations. This is analogous to viewing a large gauge transformation as an infinite number of infinitesimal ones. Since it is known that the S-matrix is invariant under perturbative local invertible field redefinitions, it is then invariant under the infinitesimal transformation, i.e.
But the continuous group property now implies that this can be integrated to finite s confirming that the S-matrix is invariant under the full duality map.
Vector Field Duality
As we have already discussed the scalar field duality has a natural interpretation in the context of massive gravity and bi-gravity theories [8] [9] [10] 14] as different choices of gauges for the Stückelberg fields. In general as well as a scalar component representing the helicity-zero mode of the massive graviton, there is also a vector component representing the helicity-one mode of the massive gravity. More generally the Stückelberg fields can be written as follows
This prompts the definition of a second group of transformations which depends entirely on the vector fields 19) and has the inverse
As in the scalar case these transformations form an abelian group
and we haveÂ 24) or introducing matrix notation
3 Duality for Generalized Galileons
Generalized Galileons
In recent years there has been a revival of interest in writing down the most general expression for the Lagrangian for scalar field theories that have second order equations of motion. Restricting ourselves to a single scalar field on Minkowski spacetime, the most general local and Lorentz invariant Lagrangian which do not suffer from the Ostrogradsky instability is the generalization of the Galileon that takes the form [1]
where
2 . This is the Horndeski Lagrangian restricted to Minkowski spacetime. The Lagrangian includes within it k-essence [23, 24] , Galileons and canonical scalar fields with potentials as special cases. Here A n (π, X) are arbitrary functions of π and X. For any matrix X we have defined the usual characteristic polynomials
where ε is the Levi-Civita symbol. In what follows we use the notation 1 = I when no confusion can arise. An equivalent definition is through the determinant
The Galileon [2] corresponds to the case where the A n (π, X) take the form A n (π, X) = c n π, with constant coefficients c n . This form preserves the Galileon symmetry π → π + v µ x µ at the level of the action and equations of motion, but not at the level of the Lagrangian.
Let us now consider how this action changes under a duality transformation with parameter s. For this we need to utilize the Jacobian of the transformation from x tõ x 4) assuming that the sign of the determinant is positive 5 and from now on we use the notationπ ≡ ρ to make the different representations more manifest and write Σ
Setting Λ = 1 (or absorbing it in s), and using the relations
Π, into the Lagrangian we soon find
Now sincex is a dummy integration variable we can equivalently write this as
where to avoid confusion we have now defined Y = −1/2(∂ρ(x)) 2 . Finally after a straightforward rearrangement we have the final form for the dual Lagrangian 8) where the functions B n,s are linear combinations of the original functions in the form
with n! = Γ(n + 1). We thus see that every generalized Galileon is dual to a one parameter family of other generalized Galileons.
Dual of a Canonical Scalar
As an illustrative example, let us consider the following case of a canonical scalar field with a potential
Following the recipe this is dual to a generalized version of the quintic (in 4 dimensions) or (d + 1) th order Galileon considered in [4] . Explicitly this takes the form
As an extension of the result of [4] (see also [5] ), a free massive scalar field with
2 is dual to the following
This means that this theory is a free theory, regardless of the value of s, i.e. all its tree level scattering amplitudes vanish. By using the optical theorem then we infer that the loops have no imaginary parts and so we may then argue that there is an appropriate way to quantize the theory (i.e. appropriate choice of path integral measure) where the scattering amplitudes vanish to all orders. This also implies that this local, naively non-renormalizable Lagrangian with strong coupling scale Λ is actually UV complete by itself.
Duality as a Symmetry
As we have emphasized earlier, the duality transformation forms an abelian group. However in general the action is not invariant under this transformation only the Smatrix is (since the S-matrix is invariant under field redefinitions). However we will now show that there is a special choice for which the duality becomes a true symmetry. Since the group is continuous, we consider an infinitesimal transformation s for which
We thus infer that the action is left invariant under an infinitesimal duality transformation provided that the coefficient functions satisfy the recursion relation
This can be solved to give
Hence there is an infinite family of actions for which the duality transformation becomes a symmetry, specified only by A d (π, X).
• Example of Symmetric theories
As a simple example of this we note that any function of the form A d (π, X) = πF (X) will lead to the simple action
where we included the scale Λ for consistency and so
2 . This is one simple example of duality invariant theory (up to a total derivative),
If F (X) was chosen to be a constant F (X) = F 0 we recover a special Galileon (a quintic Galileon in four dimensions, the highest possible Galileon in arbitrary dimensions),
This is consistent with the results presented in [4] where it is clear that the highest order Galileon dualizes to itself. This result is of course generalizable to F (X) not constant where the Galileon symmetry is broken. This class of theories is generalizable to
where G is non-trivially related toG. IfG is a polynomial of rank r then G is a polynomial of rank r − 1. The dual version of this action is 23) and since any Lagrangian of the form
is a total derivative for arbitrary function L(Y ), we infer straight away that
The theory (3.20) is invariant under the duality infinitesimal transformation.
As a more general class of examples we could consider any function of the form
for any positive power k. For k = 0 the resulting Lagrangian is a total derivative but for k ≥ 1 we get a non-trivial class of theories for which the duality transformation is a global symmetry. This global symmetry could then be gauged to lead to a local symmetry. This would be an interesting avenue to explore.
These symmetric theories do not have a kinetic term when π = 0. However they do have a well-defined kinetic term as well as a tadpole after a Lorentz invariant shift of π →π = π − 1/2x 2 Λ σ . After such a shift the Galileon duality takes the form of a Legendre transform [3, 4] 25) and so all the theories presented in this section have a well-defined kinetic term forπ and are invariant under the transformationĎ s .
Duality for Vector Fields
In this section we will consider the vector duality for some simple examples of vector theories. In this case the Jacobian for the transformation is given by
again assuming that we restrict ourselves to the region for which the determinant is positive and so the transformation is always invertible (see footnote 5). Similarly we will make use of the relation
Example of Massless spin-1: Dual of Maxwell's theory
To begin with let us consider the Maxwell action in d-dimensions
This Lagrangian is manifestly gauge invariant. However it may be equivalent written in the form 4) in which gauge invariance is not manifest at the level of the Lagrangian. In matrix language this is the statement that
Now following the previous steps this action is dual to the following
• Dual of the U (1)-symmetry This is a remarkable feature. This theory has a U (1)-gauge invariance since it is dual to Maxwell theory and only propagates two degrees of freedom yet it is not built out of the gauge invariant quantityF µν nor * F
µν . This comes to show that a U (1)-gauge invariant theory can take a very different form involving terms which are not expressible in terms ofF µν . The reason for that is that the realization of the U (1) symmetry is in this case non-linear in the field and very non-trivial. To derive its explicit form we start with the U (1) in the original π-duality frame where
Now recalling that the duality transformation acts as follows
we deduce thatÃ
−−→Ã with
We thus infer that
This is a highly non-linear representation of a U (1) transformation. Nevertheless it must form an abelian group and satisfy the same properties as a U (1). One can check explicitly that the Lagrangian (4.6) is invariant under this symmetry. We shall show it at leading order in t below.
• Leading order in t
At leading order in the transformation parameter t, the theory (4.6) is
Already at this level the theory is not expressible solely in terms ofF µν . Yet it is invariant under the non-linearly realized U (1)-transformation (4.9) at leading order in t given by (after relabeling the dummy variablex to x as usual),
Up to that order, the transformation of the first term in (4.10) is then 13) and the second term transforms as 14) so the dual to the Maxwell Lagrangian is clearly invariant under the transformation (4.9) to leading order in t. The fact that (4.6) should remain invariant under (4.9) to all orders in t is of course a simple consequence to the U (1) symmetry in Maxwell theory. So we emphasize once more that (4.6) propagates only two degrees of freedom in four dimensions and enjoys a U (1) gauge symmetry, yet (4.6) is not expressible in terms of only F µν . This could serve as an inspiration when building the most general U (1)-gauge invariant theory as it allows for the possibility of new terms which were not considered before. This could potentially lead to a generalization of [25] .
Example of Massive spin-1: Dual of Proca's theory
As another simple example, let us now consider a Proca theory
which propagates d − 1 degrees of freedom. Using the same derivations as before, we infer that the dual to this Proca's theory is
whereS Maxwell is given in (4.6). It would be interesting to see if this lies within the class of theories explored in [26, 27] or if they correspond to a new class of interactions which still propagate the correct number of degrees of freedom.
Coupling to Matter
Arbitrary Fields
We now include arbitrary coupling of the Generalized Galileon field to matter. This is remarkably straightforward to do. The key is to recognize that the duality is itself just a specific field dependent diffeomorphism. As already explained π is not a scalar under diffeomorphisms, but its derivative is. Matter on the other hand should transform as it does normally under a diffeomorphism. For instance for a scalar field χ(x) we define the dual scalarχ via the relation
and where we continue to usex
. For a vector field the dual vector is defined as
which may be equivalently written as
From this it is straightforward to generalize to an arbitrary tensor field
Fermions should be viewed as if they are living on a curved spacetime. Thus for example in a curved spacetime Dirac spinors Ψ α are representations of the local Lorentz group, and thus transform only as scalars under diffeomorphisms
General Matter Lagrangian
Let us now consider an arbitrary action for the matter, assumed for simplicity to be a scalar χ, including coupling to the Generalized Galileon field π of the form
where it is understood that ∂ µ χ(x) and ∂ µ π(x) are built into scalar combinations using either the Minkowski metric or the Levi-Civita symbols. This form certainly covers the types of couplings expected for almost all well-defined theories.
Following our previous recipe with the above transformation rules for the matter, the dual matter Lagrangian takes the form
where in the previous expressionχ and ρ are evaluated at x. Now the key point is that this Lagrangian is manifestly local. It clearly remains local forχ since it depends on no more thatχ(x) and ∂ µχ (x). It is also clearly local in ρ since it only depends on ρ(x), ∂ µ ρ(x) and ∂ µ ∂ ν ρ(x). It does however contain one apparent wrinkle. The dependence of the matter Lagrangian on ∂ µ ∂ ν ρ(x) would appear to suggest the presence of an Ostrogradsky ghost [28] . For instance if we find the equation of motion forχ it would certainly contain in general triple derivatives of ρ.
However this is an example of a phenomena that was observed in [29, 30] . It is possible that the equations of motion for a dynamical system with multiple fields derived directly from the Lagrangian do contain higher than two derivatives without this implying new degrees of freedom provided that it is possible to rearrange the equations of motion and their derivatives in a form for which the higher derivatives cancel. In other words, suppose we have the equations of motion E ρ = 0 for ρ and Eχ = 0 forχ. Provided that there is a combination of the equations of motion of the form
for which the two E do not contain higher than two time derivatives of either ρ orχ, then the equations of motion remain second order. This must be the case here since the Galileon duality map is an invertible transformation and so cannot change the number of propagating degrees of freedom.
Specific Example
To see that this is the case it is helpful to work with a simple example. Consider the case of a specific Galileon coupled to a canonical scalar matter field through a simple χ 2 π coupling. In the π-representation, we consider the following action
In the rest of this paper, this action will continue to serve as an archetype of a Galileon coupled to a scalar field, which is the reason why the det(1+Π) is introduced. In section 7 we will see how about for generic backgrounds the kinetic structure det(1 + Π)(∂π) 2 leads to superluminal group velocity at the classical level. However as is well known, classical superluminal group velocity do not imply acausalities as shall be discussed in section 7.
• π(x)-duality frame
In the π-duality frame, the equations of motion take the form
and
In this form it is clear that the equations of motion are second order in derivatives which is just the well known result for the Galileon.
• ρ(x)-duality frame Now let us perform the duality transformation with s = 1. The dual action is theñ
In this frame the equations of motion take the following form,
where Eχ is the equation of motion with respect toχ in the dual frame, whileẼ χ is the equation of motion (5.11) with respect to χ expressed in terms of the dual variables, 16) and similarly for E ρ versusẼ π . The two sets of equations of motion are not identical but are equivalent. The equations of motion (5.11) and (5.12) expressed in terms of the dual variables arẽ
Unsurprisingly, the equations of motion (5.14) and (5.15) are satisfied iff the dual ones (5.17) and (5.18) are satisfied. The rest of the argument is thus ran with these two equationsẼ χ = 0 andẼ π = 0.
• Higher derivatives
The equationẼ π = 0 is a Galileon equation of motion for ρ in which the coefficients depend onχ(x). It is manifestly local and contains no more that two time derivatives. The χ equation of motionẼ χ = 0 in (5.17) is the one that appears to be problematic. It is manifestly local, but it clearly also includes cubic time derivatives of ρ through the terms symbolically of the form Σ n ∂Σ(x)∂χ(x). Thus we may be led to believe that we need extra initial data to solve the dynamics. Fortunately this is not the case. Since we have the well defined equation
2 (x) = 0 this also implies
This equation may be solved to infer the cubic time derivative of ρ in terms of lower order first and zeroth order time derivatives of ρ andχ remembering that we already know from ρ(x) + gdet[1 − Σ(x)]χ 2 (x) = 0 the second order time derivative of ρ in terms of the lower ones. This information may then be substituted back into equation (5.17) resulting in an equation that determines the second order time derivative ofχ in terms of lower time derivatives of ρ andχ. In other words, it still remains true that the initial data needed to solve the dynamics isχ, ρ,χ andρ and no additional information is needed.
General argument
This argument extends to the general matter Lagrangian (5.21) however it requires a great deal more work to see it directly from the equations of motion derived from this action. As in the previous example, it is more straightforward to see it from dualizing the equations of motion. In the general case it works in the same way. The equation of motion for π in the original frame never contains more that two time derivatives acting on π and one time derivative acting on χ. Since Π, ∂π and π all have well defined transformations in terms of ρ, ∂ρ and Σ without additional derivatives, and since the transformed form for ∂ µ χ is [(1 − Σ)
−1 ] ν µ ∂ νχ we see than the transformed form of the equation of motion for π never contains more than two time derivatives of ρ. It may thus be solved forρ. Then from (5.21) we see that the equation of motion for χ never contains more than two derivatives ofχ but it does contain third derivatives of ρ. However these can be inferred as before by differentiating the equation for ρ. Together these imply that the combined system can be expressed in a way in which all the equations of motion are second order for the specified general Lagrangian (5.6).
In fact following these arguments, we could have been more general about our initial choice of Lagrangian for the matter field. We can extend the duality to matter Lagrangians of the form 20) which is now dual toS
All of these arguments may then easily be generalized to any number of matter fields with arbitrary spin. As long as the matter is treated dynamically, the resulting dual theory is always local if the original theory is local. Similarly the resulting theory will always have second order equations of motion (after the above massaging) if the original theory has the same.
Alternative coupling to matter as an external source
If one tries to model the matter coupling as an 'external' source in the sense of as performed in [4] and more recently in [7] 
This is however purely a problem with using an external source. A similar problem arises in GR where it is not possible to add an external source for gravity locally without breaking diffeomorphism invariance 7 but dynamical sources always preserve diffeomorphism invariance. This is pertinent since the duality map is effectively a diffeomorphism, and the failure of the external source to preserve locality is due to the fact that an external source does not transform under diffeomorphisms. However for a dynamical source we can always transform the matter according to (5.1), i.e. such that there is a dual sourceJ(x) = J(x) to make the interaction local
7 For Schwinger's solution to this in the context of 'source theory' see [31] . 8 Here we differ in perspective from [7] . There it is argued that because the source couples nonlocally after the duality transformation the two representations of the coset are inequivalent in their notion of locality. From our point of view this arises because of not accounting for how the matter transforms under the coset. Unlike in internal symmetry coset constructions, when the nonlinearly realized symmetry is an extension of the Poincaré group, all matter, which is a function of spacetime, transforms under the additional symmetries of the coset. This is due to the fact that the additional symmetries do not commute with the translation generators of the Poincaré group which are used to define the spacetime dependence of matter fields χ(x) = e −iP.x χ(0)e iP.x . This means that in choosing a different representation of the coset, one must simultaneously choose a different representation for π and the matter fields themselves. Equation (5.1) corresponds to precisely this choice of new representation for the matter fields with the result that the two representations have an equivalent notion of locality.
Dual of a Renormalizable theory
Let us end this section with an example of a (perturbatively) renormalizable theory. Consider the following Lagrangian in four dimensions
This theory (5.27) contains many irrelevant operators, yet it is perturbatively renormalizable if one follows a regularization procedure which is invariant under field redefinitions. For instance dimensional regularization which keeps track only of the logarithmic divergences is invariant under field redefinitions. Following power law divergences might lead to additional operators but power laws depend on the measure of the path integral. More importantly it is well known that taking power law divergences too seriously might lead to erroneous results [32] precisely because power law divergences are not invariant under field redefinitions 9 . This check can be done for instance in QCD where the higher energy theory is known. In these examples following the power law divergences leads to operators which would never have arisen from the higher energy theory. See Ref. [32] for an inspiring discussion on this point.
In summary, following the log divergences that can be trusted since they are independent of the measure and of field redefinitions, then the (5.27) is renormalizable despite including irrelevant operators.
Coupling to Gravity
We now turn to the important point of how these generalized Galileon theories can be coupled to gravity in a way which preserves the duality symmetry. Within the context of a pure Galileon theory, the coupling of Galileons to gravity was considered in [33] (see also [6] for its higher dimensional embedding) where the flat spacetime metric η µν is replaced by a curved one g µν and additional curvature invariants are included to ensure the absence of ghosts. At this level one could be tempted to apply the duality directly at the level of a covariant Galileon and transforming the metric g µν as a tensor under the coordinate transformation.
Whilst tempting, this procedure leads to several conceptual concerns:
• First a covariant Galileon does not dualize to another covariant Galileon.
• Second, as we have emphasized throughout this manuscript, π does not transform as a scalar under the duality map. It is rather the derivative of this field that plays that role. As a consequence the Covariant Galileon Lagrangian is not a scalar.
• Finally and perhaps most importantly, the Galileon and the duality transformation originated from a genuine gravitational theory in the first place (DGP, massive gravity, bi-gravity). It is therefore only natural to go back to these roots to include the coupling to gravity.
Before addressing how to consistently couple the duality to gravity in a way that preserves the duality let us emphasize why the covariant Galileon does not map into itself under the map. Consider a simple example of a covariant Galileon, the cubic Galileon
where g(x) is the d'Alembertian for the metric g µν (x). Under the duality transformation we have
The natural choice of transformation for the metric is a diffeomorphism
However precisely because π(x) and hence ρ(x) does not transform as a scalar we have
. This means that even on the first term alone the duality generates terms which are not manifestly covariant.
For the first term in (6.1) we can compensate this by transforming the metric instead as g µν (x) = det (1 − sΣ(x))
With this choice we have
which is hence duality invariant. However the problem now moves to the cubic term which does not map into a covariant Galileon due to the fact that ( g(x) π(x)) does not transform as a scalar under this map. This problem is irreconcilable, since π(x) is not a scalar under the duality map, and the covariant Galileon assumes π(x) is a scalar, then the two ideas are mutually incompatible. An alternative approach which resolves this problem is given in [18] . It is worth noting that although the covariant Galileon does not map into itself under the duality, it does map into a consistent local ghost-free theory which is diffeomorphism invariant. However the diffeomorphism invariance is nontrivially realized.
A Duality Invariant Gravitational Theory: Massive Gravity
The origin of the duality was manifest at the level of the decoupling limit of bi-gravity [9] . However the duality can be seen in the even simpler case of Massive Gravity. To see this consider the Stückelberg form of the massive gravity action which can be represented in arbitrary dimensions
where the tensor K µ ν is given in terms of the metric and Stückelberg fields by [10] 
This may be viewed as a gravitational theory of a Galileon by choosing the gauge
This is a gauge choice one may always choose. It is a useful one since it implies that the tensor K µ ν may be expressed in the form 9) or in matrix notation we have
Now of course massive gravity includes with it an additional 3 innocuous helicity-one degrees of freedom, but this addition seems to be necessary to maintain the duality. We now define the duality transformation in the case of a gravitational theory as
which is to say that the metric transforms in the usual way under the duality diffeomorphism. In matrix form this is the statement that
We therefore have
(6.13) Now since Σ commutes with η (Σ µν = Σ νµ ) and using the property of a similarity transformation S that S √ AS −1 = √ SAS −1 this is equivalent to
(6.14)
However one of the features of the characteristic polynomials is that they are invariant under similarity transformations and so
Furthermore since the metric transforms as a tensor under the duality diffeomorphism we have
Substituting into the action and replacing the dummy integration variablex by x as usual we find that the dual form of the massive gravity action to be
However this is nothing other than the original Stückelberg form of the massive gravity action in which we have chosen the gauge for the Stückelberg fields to be Thus we see that the Stückelberg form of the massive gravity Lagrangian is manifestly invariant under the duality because the duality is nothing other than a change of diffeomorphism gauge. This also allows us to understand why the matter had to transform in the chosen way. Any matter that couples locally to the metric g µν (x) will remain invariant under the transformation provided that matter fields transform under the associated diffeomorphism as we advocated in section 5.
These arguments easily extend to bi-gravity, and in fact are already implicit in the derivation of the duality from bi-gravity given in [9] . The only price we have paid in coupling the Galileon to gravity in this way is that we need to also introduce an additional helicity-one degrees of freedom. However, we may note that the dynamics of the helicity-one, which can be captured in the decoupling limit action [34] (see also [35] ), are rather tame. Indeed it is always consistent to set the helicity-one mode to zero classically since if matter couples to the metric covariantly it does not get sourced.
Recognizing that the duality transformation is little more than a change of gauge is also crucial to understanding that although the duality map appears to be non-local, it completely preserves the notion of locality since the definition of locality does not depend on the gauge choice. Furthermore this also gives an independent argument of why the duality should remain true at the quantum level since it could only be violated in a theory with a diffeomorphism anomaly [17] which has yet to occur in four dimensions.
A New Class of Duality Invariant Massive Gravity Theories
We have seen above that the massive gravity action of [10] is manifestly invariant under the duality symmetry. It is also by now well known that the decoupling limit of massive gravity corresponds to a Galileon theory [14] . This begs the question, Is there a generalization of the massive gravity action for which the decoupling limit corresponds to the generalized Galileons ? One approach to this question is given in [18] where gravity is coupled to an extra scalar field in a way that preserves the nonlinearly realized symmetries acting on that scalar. Here we would like to take a different approach where the 'Galileon' field remains as the helicity-zero scalar of a massive graviton.
As we have emphasized above, the nonlinearly realized duality is built into massive gravity theories and gets linearly realized when we work with the diffeomorphism invariant Stückelberg formulation. With this in mind we may ask whether there are other interactions we can allow with the Stückelberg fields that preserve the following criteria:
• Absence of Boulware-Deser ghost [19] .
Locality requires that the Lagrangian is only a function of φ a and first derivatives of φ a . The absence of the Boulware-Deser ghost requires that the dependence of the Lagrangian on derivatives of the Stückelberg fields occurs through the characteristic polynomials given in [10] .
New Stückelberg dependence
These arguments lead to the following generalization of the massive gravity action
Here L Lovelock are the usual Lovelock Lagrangians (Gauss-Bonnet in four dimensions).
We have now promoted the Planck mass (M d/2
Pl Φ), mass parameters (α n ), and the Lovelock Lagrangian coefficients (Φ n ) to be functions of the Lorentz invariant combinations of the Stückelberg fields
To see that this is a gravitational theory with the Galileon duality we can choose the gauge
Following the previous arguments this action respects the duality symmetry in the form
We may also choose to define π via 27) so that the duality transformation becomes x µ x µ .
Using this second form the action can be expressed as
which is clearly a gravitational extension of the generalized Galileon actions in which there is assumed to be no explicit dependence on π, only on first and second derivatives of π. That is to say that this action is a gravitational extension of the generalized Galileon which preserves the shift symmetry π → π + c. Now this is a new class of massive gravity theories that preserves Lorentz invariance at the price of breaking translation invariance for the vacuum. This is explicit in unitary gauge φ a = x a where we have 30) with x 2 = x a x b η ab . This explicit dependence on x a x a implies that translation invariance is broken but not Lorentz invariance, at least around the preferred point x a = 0. For this reason the linearized theory around the vacuum does not take the usual Fierz-Pauli form which explains why this form of the Lagragian was not recognized before.
Degrees of freedom count
• Primary Constraint
Let us now perform the count on the number of degrees of freedom of these generalized massive gravity theories. To do this, rather than using the unitary gauge Lagrangian (6.30) we shall utilize a non-Lorentz invariant yet perfectly acceptable version of unitary gauge for which
so that φ a φ a = −t 2 , so that in this case the reference metric is Minkowski in a nonstandard coordinate system
This gauge choice may be made in any region for which φ a φ a < 0 since we have φ a φ a = −t 2 . This breaks manifest Lorentz invariance but has the virtue of removing any complication with respect to integrating by parts spatial derivative terms which enter into the calculation of the Poisson brackets needed to probe the constraints. Since the number of degrees of freedom is independent of the gauge used to perform the analysis then the following analysis should also go through in the original Lorentz invariant unitary gauge. In making this argument we are implicitly analytically continuing from the region φ a φ a > 0 to the region φ a φ a ≤ 0. Again we would argue that the number of degrees of freedom cannot change on this analytic continuation. We leave to future work a detailed derivation of the degrees of freedom in the Lorentz invariant unitary gauge.
As usual it is helpful to go to the ADM phase space form. On doing so the Lagrangian takes the schematic form (for simplicity we focus on the case without Lovelock terms)
where π ij is the momentum conjugate to 6 components of the spatial part of the metric g ij . The new feature relative to the usual massive gravity case is that the Hamiltonian density has an explicit dependence on t through the Planck mass and other mass parameters. Nevertheless there still exists a primary constraint due to the vanishing of the Hessian 34) with N µ = {N, N i }. The presence and the form of this constraint is unchanged by the presence of the t 2 dependence because the above equation contains no partial derivatives with respect to time. It is this constraint that removes (one half of) the Boulware-Deser ghost.
This constraint may then be made manifest by solving 35) for N i and substituting back in. That this is possible can be inferred by continuity with the usual massive gravity where it has been shown in [20] .
Once this is done the action takes the form
where the Boulware-Deser ghost removing constraint C 1 = 0 is now enforced by the Lagrange multiplier N .
• Secondary Constraint Defining the Hamiltonian by 37) and the integrated constraint by 38) then to show that there is a secondary constraint we would have to compute the usual Poisson brackets
where ∂ exp /∂t refers to differentiation with respect to the explicit time dependence in C 1 through the Planck mass and mass parameters.
The only new feature relative to the usual massive gravity proof is that ∂ exp C ∂t = 0. However the existence of a secondary constraint requires only that this equation cannot be viewed as an equation for the lapse N . But the lapse only enters in the term {C 1 , C 1 } which up to an t 2 dependence of the mass parameters is identical to what it is in the usual massive gravity case (for a non Cartesian reference metric). Thus we may immediately borrow the proof that {C 1 , C 1 } ∼ 0 from Ref. [20] where this is shown for any reference metric. This follows because the Poisson bracket computation is immune to the time-dependence and the only difference is that the Planck mass and mass parameters are dependent of time.
Given that the secondary constraint exists with C 2 = ∂ exp C 1 ∂t + {C 1 , H 1 }, this may in turn be included back into the Lagrangian utilizing a second Lagrange multiplier µ
(6.40)
• Tertiary Constraint Next we must check for the existence of a tertiary constraint. For this we must compute ∂ ∂t
We would only generate a tertiary constraint if it were not possible to view this as an equation that determines one of the Lagrange multipliers N or µ. However we already know that this is possible in the normal massive gravity case, and so by continuity this equation must always be solvable for the Lagrange multipliers. Thus there can be no tertiary constraint. In summary we necessarily obtain two second class constraints C 1 , C 2 which are sufficient to remove the Boulware-Deser ghost. Consequently these generalized massive gravity theories that preserve Lorentz invariance at the price of spontaneously breaking translation invariance (P |0 = 0) contain 5 propagating degrees of freedom. Finally the fact that these theories are continuous in theory space with the usual massive gravity Lagrangian, and contain no new degrees of freedom, justifies them being viewed as generalizations of massive gravity.
Causality and (super)luminality
We now turn to the important question of causality in this class of theories. In a relativistic quantum theory, relativistic causality requires that all local fields commute at space-like separations.
A necessary condition for this to occur is that the front velocity (sometimes called wavefront) is luminal. However the condition (7.1) can be satisfied when both the group and phase velocities at low energies are superluminal. Thus neither the group nor phase velocity (at low energies) being superluminal are indicative of acausality.
Since this distinction will be crucial to our subsequent analysis, we sketch the essential details of this proof of why it is the front velocity that determines the causal structure of a quantum theory.
Front velocity and causality
Consider a typical quantum system whose fluctuations in a non-vacuum state |α satisfy the dispersion relation ω = ω(k) where we assume rotational invariance for simplicity k = | k|. The retarded propagator for the system in a state |α can be defined by
Although this vanishes for t < t as required for causality, for this notion of causality to be Lorentz invariant we require also that [O(x), O(y)] = 0 for spacetime separations so that the support of the retarded propagator lies entirely in the future lightcone. Focusing on d = 4 the retarded propagator typically takes the form
Performing the angular k integrals we have
which may be reexpressed as
The time-dependent oscillatory factors can be viewed as coming from an integral of the form
which makes manifest the famous i prescription that determines the retarded propagator. In fact in this form we can do away with the theta function θ(t), however we keep it for clarity. Next we rewrite the dispersion relation ω = ω(k) in terms of a refractive index n(ω) via k = n(ω)ω and defining the refractive index for negative ω to be n(−ω) = n(ω) for ω real) then we can rewrite this integral as
The first key point is to assume that n(ω) and in particular e in(ω)ωr are analytic functions in the upper-half complex ω plane 13 . If this is true then we can close the contribution of the ω integral with an infinite semi-circle in the upper-half complex plane. By Cauchy's theorem, the only contribution to the integral comes from the only pole that lies in the upper-half plane, namely ω = E + = E + i .
The residue of this pole gives us
Physically this is the statement that the influence of a disturbance at the origin will expand out in an outgoing spherical wave with phase velocity ω k = 1/n(ω) (had we not assumed spherical symmetry we would have additional outgoing multipoles).
Since the Fourier transform of any function which vanishes for t < 0, i.e. G ret (x, 0), must be analytic in the upper-half complex energy E plane, this justifies our assumption that the refractive index n(E) and e in(E)Er can be extended to analytic functions in the upper-half complex energy plane. This is the famous connection between causality and analyticity that is used to argue for analyticity of the S-matrix. The connection is that a particle travelling through a medium acquires a nontrivial refractive index through scatterings off the particles that compose the medium. Hence the analyticity of the refractive index is directly determined by the analyticity of the S-matrix. In the present case the medium is typically a background vev for the scalar field encoded in the non-vacuum state |α . Now to the second crucial point: Provided that n(E) → 1 as |E| → ∞ (at least in the upper half of the complex E plane, including the real axis) , then for r > t the integral may also be evaluated by performing a contour integral along the real axis which is closed by an infinite radius semi-circle in the upper-half complex energy plane. This is true because as |E| → ∞ the exponential terms are
e −iE(t−n(E)r) ∼ e iE(r−t) , (7.9) which are well behaved for Im[E] > 0 assuming r > t. Since the refractive index n(E) and e in(E)Er are analytic functions in the upper-half complex E plane there are no poles or branchcuts to deal with and so Cauchy's theorem tells us that
This is precisely the condition required for relativistic causality. On the contrary for r < t the integrals would have to be deformed in the lower-half plane where the integrand is not analytic, and a nonzero result would be obtained.
The two key assumptions in this argument are:
(a) Analyticity of the refractive index in the upper-half complex energy plane 14 and (b) The fact that n(ω) → 1 as ω → ∞.
Since the phase velocity is defined as
the requirement (b) is that the infinite ω (i.e. infinite momenta) limit of the phase velocity, a.k.a. the front velocity is luminal
In other words relativistic causality is synonymous with the front velocity being luminal.
In particular we see that the group velocity v group = dω(k) dk does not even enter into the discussion of causality. Thus there is no problem for the group velocity and phase velocity for finite k to be superluminal. Experiments have now confirmed the reality of superluminal group velocities in optical systems (see Ref. [36] for discussions on the physical context). Indeed the fact that superluminal group velocities are not in conflict with causality was understood and resolved by Sommerfeld and Brillouin [37] .
Despite these known and old results, there is a commonly stated folk theorem that 'a low energy effective field theory with superluminal propagation admits no Lorentz invariant UV completion'. This folk theorem is violated by the real world. In addition to the known optical systems which admit superluminal group velocities at low energies [36] , it can also be shown that the low energy effective field theory of photons in a curved spacetime admits superluminal group and phase velocities and that this is not in conflict with the fact that its UV completion (QED in a curved spacetime) is Lorentz invariant (see [38] for a review and [39, 40] ).
One of the arguments for the folk-theorem is the Kramers-Kronig dispersion relation which is a consequence of analyticity. It states that, given the refractive index is analytic in the upper half complex plane then from Cauchy's theorem we have
Then assuming the normal hermitian analyticity condition n(ω * ) = n * (ω), this would imply
Since the optical theorem determines the imaginary part of the refractive index Im[n(ω)] to be positive then we must have n(∞) ≤ n(0) which implies v phase (0) ≤ v front . This in turn would seem to imply that if superluminalities are found at low energies, then the front velocity must be superluminal hence violating Lorentz invariance in the UV.
These arguments are violated in the low energy effective theory of photons in a curved spacetime despite the fact that this theory admits a UV completion (see [40] [41] [42] [43] [44] [45] [46] [47] for a full discussion). The resolution [42] is that although the refractive index is analytic in the upper half complex energy plane, as required for causality, it does not satisfy the condition of hermitian analyticity. This is a condition that usually arises in S-matrix theory in Minkowski that is not justified on the grounds of causality alone. In a nonzero background there is no expectation that this condition must hold. Furthermore the local value of Im [n(ω)] can become negative without violating the optical theorem since the optical theorem holds only globally [47] . If we view the Galileon theories in the context of how they arise in decoupling limit of DGP/massive gravity/bi-gravity etc., then a non-zero vev for the Galileon is tantamount to working with a curved spacetime. Thus the usual analyticity assumptions assumed for scattering for non-gravitational theories do not apply. All that is required is the analyticity in the upper half complex energy plane required for relativistic causality.
By the very definition of the front velocity, lying at infinite momenta, it simply does not make sense to perform a pure classical calculation to infer v front . The front velocity requires knowledge of the full quantum corrected correlation functions. In Galileon type theories and in massive gravity, we cannot trust a tree level calculation of the front velocity precisely because perturbation theory breaks down at the scale k ∼ Λ (or the appropriate redressed scale). In particular that means that if we use perturbation theory to compute v phase (k = Λ) we find order unity corrections (if the background has order unity Lorentz violation). Thus it is impossible to anticipate v front from a perturbative calculation.
Superluminalities in Galileons?
The presence of apparent superluminalities in Galileon and related theories was first pointed out in Refs. [2, 48, 49] and later by many other subsequent equivalent analyses. All of these analyses and subsequent work have relied on a classical (tree level) calculation which breaks down precisely when the relation with causality is considered (see Ref. [50] for more details). See also [51] for a review on massive gravity and related superluminality considerations.
As we discussed above in models such as the Galileon, perturbation theory breaks down at the low scale Λ (or the redressed scale depending on the background). Consequently the tree level computation of the phase and group velocities can only be trusted for k Λ. Thus while superluminalities have been found in these calculations, they do not imply that the front velocity is superluminal, since that requires an understanding of the UV theory k → ∞ and therefore they do not imply any acausalities.
What is needed in Galileon models, is a UV description which is capable of dealing with the regime k > Λ. A possible such UV description with be described elsewhere [22] and we will present arguments that the front velocity is luminal for precisely those solutions where superluminal group velocities have been found.
An independent criticism of Galileon theories was given in [48] which argued that for Galileons the S-matrix could not satisfy its usual analyticity properties. In the context of the above argument this corresponds to saying that the refractive index n(ω) may not be an analytic function in the upper-half complex ω plane which was our additional assumption needed to prove relativistic causality. However as we have already discussed it is possible that a theory may not satisfy all the historical analyticity assumptions of the S-matrix, but still satisfies the physically required condition of analyticity of the refractive index in the upper half plane. Furthermore, we will argue elsewhere that these perturbative arguments have not fully accounted for the role of the Vainshtein mechanism [11] at the quantum level [22] and that with the benefit of a non-perturbative UV description of Galileons one may argue that the S-matrix satisfies the necessary analytic properties for causality (see also [52] for other related theories and considerations).
For now we shall content ourselves with understanding how the duality affects the causal structure in the classical theory with the caveat that this is at best a description of the low energy physics and thus is unlikely to correspond to the actual causal behaviour of the quantum theory.
Example with superluminal classical group velocity
We now turn to how the duality affects the question of classical (super)luminality. To understand this let us go back to the simple example of the interacting two field system studied in section 5.2.1
In the π-duality frame the equations of motion are given by E χ = 0 and E π = 0 in (5.11) and (5.12) while in the ρ-duality frame they are given byẼ χ = 0 andẼ π = 0 in (5.17) and (5.18). As we have emphasized, both systems of equations are local and second order in time.
• Classical velocity in the π-duality frame Now in the π-duality frame, χ always propagates at the speed of light even around an arbitrary background. To see this we consider fluctuations about the arbitrary background given byπ andχ. Expressing the fields as π =π + δπ and χ =χ + δχ, the linearized equation of motion for δχ about this background is then 17) and so in this frame χ always propagates at the speed of light about any background given byπ andχ.
On the other hand we can straightforwardly find background solutions for which the fluctuations of π are classically superluminal. To see this we note that the equation of motion for δπ when expanded around a background for whichχ = 0 takes the form
with
Without loss of generality we now perform a Lorentz transformation in the vicinity of the point x so thatΠ and henceΣ are both diagonal at that point. Then the speed of propagation along the x 1 direction is given by , the speed of propagation in that frame is larger than unity 15 . This is both the low-energy group and phase velocity. However it is not the front velocity since quantum corrections are important when computing this quantity. 15 ForΣ 0 0 = 1 there is even classical instantaneous propagation but of course the regime for which one can trust this classical calculation is null in that case.
• Classical velocity in the ρ-duality frame On the other hand, in the ρ-duality frame, δρ is manifestly luminal, at least around backgrounds for whichχ(x) =χ(x) = 0, from (5.18) we simply have δρ(x) = 0 .
(7.22)
In addition δχ travels in an effective metric γ µν for which
For this metric, whenever the 'time' eigenvalue of Π (or Σ) is larger than the space eigenvalues then the speed of propagation is less than unity:
(7.24)
Classical Causal Structure
The common feature in both frames is that for those solutions whereΣ 0 0 >Σ 1 1 then π (resp. ρ) travels faster than χ (resp.χ) and whenΣ 0 0 <Σ 1 1 then π (resp. ρ) travels slower than χ (resp.χ). Consequently the lightcone structure is the same in both duality frames even though the limiting velocity is different (see Figure 1 ).
We can also find solutions in the ρ-duality frame for which the fluctuations ofχ are superluminal (classically), i.e. wheneverΣ 0 0 <Σ 1 1 . However these map back into the π-duality frame as solutions for which χ is luminal and π is subluminal. It is also true that we can find solutions for which there are classical superluminalities in both duality frames. For instance ifΣ 1 in the ρ-duality frame is subluminal, but it is superluminal in the direction x 2 . An analogous inverse statement holds for π in the π-duality frame. The classical picture of the causal structure is given in Figure 1 .
This result appears miraculous until we realize that it is just a reflection of the fact that the duality transformation acts effectively as a coordinate transformation. In the presence of a background field configurationΠ, then we can think of the duality transformation as a combination of a background coordinate transformation of the formx If the matter fields travel at the speed of light in the original frame, then they travel on a metric determined by ds 2 = η µν dx µ dx ν . But by the background transformation this maps into the following metric To summarize, we do not view there to be a paradox here. One should not expect the velocities to be invariant under the duality. The fact that a velocity in one frame can appear superluminal and is luminal in another frame does not imply a discrepancy but rather a signal that these superluminalities cannot be used to infer causality or absence thereof. To reemphasize the two essential points:
• One does not expect the low energy group/phase velocity to be invariant under the duality. However we do expect the physics such as the causal structure to remain unchanged under the duality. The causal structure is not dictated by the group/phase velocity but rather by the front velocity.
• The front velocity is the high frequency limit of the phase velocity. By its very definition quantum corrections need to be taken into account when computing it. Thus the previous results which were classical do not lead to the correct front velocity. The front velocity with its quantum corrections will be considered in a UV description of Galileons in [22] . Figure 2 . Light cones in a UV description of Galileons including non-perturbative quantum corrections. In a UV completion the front velocity is always expected to be luminal regardless of the background.
Front velocity and importance of quantum corrections
Let us now address the question of why we might expect the quantum front velocity to be different from the classical one. Certainly since perturbation theory breaks down at the scale Λ, we can expect order unity corrections to the front velocity at that scale. However by itself this is not an argument that luminality will be recovered. We will argue elsewhere that at least for a certain class of theories, there is a mechanism by which luminality can be recovered [22] . The key physics is the Vainshtein mechanism [11] applied at the quantum level (see also [53] ). The theories that exhibit superluminal group velocities at low energies are precisely those theories that exhibit the Vainshtein mechanism 16 . Associated with a quanta of frequency ω there is a Vainshtein radius (also called classicalization radius in [56] ), which is given by From this we may infer the front velocity by determining the behaviour of its Fourier transform at high k/high ω. Now as k and ω are increased, the path integral becomes dominated by its saddle point solutions because the Vainshtein mechanism forces the associated saddle point solution to grow in size since r is a positive power of ω. The saddle-point action itself scales as S ∼ ω Λ d+2 (d+1) which grows as a positive power of ω confirming that the semi-classical approximation should become better and better 17 .
The result is that the Vainshtein mechanism creates a type of UV/IR mixing whereby the UV high energy behaviour is dominated by large size IR saddle point solutions (this is called classicalization in [56] , we shall find independent arguments in favor of this reasoning in [22] ). This UV/IR mixing means that the front velocity is determined not by the small distance behaviour of the classical solution, but rather by the large distance behavior. Thus for example if we consider background solutions which are asymptotically trivial π → 0 as r → ∞ then the front velocity is determined by the region of the theory which is asymptotically Lorentz invariant. This in turn implies that the front velocity is luminal, leading to the causal picture of Figure 2 . The details of these arguments will be left to [22] (see also [54] for closely related arguments).
Discussion
The existence of a Galileon duality which maps a Galileon theory to another Galileon theory was proposed in [3, 4] . Interestingly a free, manifestly UV complete, causal and Lorentz invariant theory was shown to map to a quintic Galileon which exhibits superluminal group velocity (classically) and irrelevant operators. These results are closely related to those of [5] where a similar mapping occurs for the conformal Galileon. The two dualities can be understood as a twist in the representation of the coset for the Galileon algebra Gal(3 + 1, 1)/ISO(3, 1) or conformal algebra SO(4, 2)/ISO(3, 1) [7] .
In this manuscript we have generalized the duality to an arbitrary Generalized Galileon which corresponds to the most general local, Lorentz invariant single field theory with no ghosts. We have further generalized the duality to arbitrary local couplings to matter and found that it is interpretable as a diffeomorphism in a gravitational theory. This leads to many important consequences:
• First the duality map fully preserves the notion of locality.
• Second it gives a strong argument in favor of the validity of the duality at the quantum level since the duality could only be violated at the quantum level if diffeomorphism anomalies were present.
• Recognizing the duality as a diffeomorphism allows for a simple vector generalization of the duality.
• Using the vector duality, we have presented the dual of the Maxwell theory. The theory is U (1) invariant but in a non-manifest way as the U (1) is non-linearly realized. In particular the theory is not built solely out of the Maxwell tensor. This might open the door for a new class of U (1)-invariant theories.
• Using the vector duality, we were able to derive the dual to a Proca theory and have presented specific types of interactions which only propagate three degrees of freedom in four dimensions.
• Recognizing the duality as a diffeomorphism has allowed us to include arbitrary couplings to matter fields with arbitrary spins. We find that they have to transform as in a normal diffeomorphism. With this transformation, the duality maps a local coupling to a local coupling. The appearance of non-local coupling to matter as pointed out in [4, 7] is an artifact of using an external source.
• We have included the coupling to gravity in a way which respects the duality and shown how massive gravity is a natural example of a gravitational theory which is invariant under the duality. The same is true for bi-and multi-gravity.
• We have proposed a new class of massive gravity theories where the Stückelberg fields may enter in different parameters of the theory. We argue that the theory is local, Lorentz invariant, free of the Boulware-Deser ghost and has only five dynamical degrees of freedom about any background in the gravitational sector. The linearized theory around the vacuum breaks translation invariance and therefore does not take the usual Fierz-Pauli form, but these theories are nonetheless Lorentz invariant. The same generalization can be made to bi-or multi-gravity.
• Finally this duality allows us to shed light on the classical superluminality and causality discussion in Galileon theories. We show that the superluminality can map to (sub)luminal propagation. Nevertheless the causal structure remains unchanged at the classical level. We emphasize that these classical considerations are not sufficient to correctly compute the front velocity which is the quantity that needs to be luminal to ensure causality. In further work [22] the front velocity is computed non-perturbatively and shown to be unity which if correct would imply that Galileon theories can be causal despite exhibiting superluminal classical group velocity. This would be in full agreement with results derived from the duality.
To summarize this manuscript has derived a multitude of results relying on the classical duality and strong indications that the duality can be used at the quantum level. Results at the quantum level are beyond the scope of this manuscript and will be presented in [22] .
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A Duality for Non-Lorentz Invariant Systems
The duality map we have described in the main text manifestly preserves Lorentz invariance. If we are willing to give up manifest Lorentz invariance, the duality map can be extended to a d(d + 1)/2 parameter tensor abelian group of transformations given byx In particular we may choose s 0µ = 0 and s ij = sδ ij for i, j = 1, . . . , d − 1 so that the duality acts only in the space directions. This may useful in studying non-relativistic theories.
